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Status of the BRIDGE project

Michael Baldauf, Sebastian Borchert (DWD)

• Code optimizations and restructuring

• Comparison of 2 flavours of Euler equations

• Figure out the optimal HEVI / IMEX Runge-Kutta scheme

• Further steps towards moisture (Kessler scheme)
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Why are we interested in an alternative dynamical core (esp. for ICON) and

in particular in the Discontinuous Galerkin (DG) method?

• Our old global model GME and the former regional model COSMO didn‘t have any conservation properties at all.

ICON (Zängl et  al. (2015) QJRMS) locally conserves total mass and (almost!) tracer masses.

Local conservation (or better say: no local conservation violation by the flux divergence terms) 

of energy and momentum might have positive effects, too.

• E.g. the WRF model (Skamarock, Klemp (2008) JCP) uses a 5th order scheme for horizontal advection that

improves the simulation of explicitly resolved convection. Grid imprints vanish for higher order schemes, too.

ICON uses 2nd order discretizations. It might be beneficial to treat every process in higher order.

• We would like to get rid of grid staggering (ICON uses Arakawa-C / Lorenz grid)

• We want to keep our horizontally explicit-vertically implicit (HEVI) approach:

it allows efficient (horizontal) MPI parallelization and allows the use of direct (only vertically acting ) solvers

(we would like to avoid any iterative solver). Use established time-integrators (e.g. IMEX-RK schemes).

• Keep our (horizontally) unstructured triangular grid of ICON; allow both global and limited area simulations.

• Of course, the numerical scheme should run efficiently on modern (massively parallel, ….) hardware architectures

→ BRIDGE – project (Basic Research for ICON with DG Extension).
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weak form of PDEs by the Galerkin approach

(explicit or implicit tendencies):

Finite elements (FE)
• Lagrange polynomials

• Legendre polynomias

• ONBs on triangles

• …

Quadrature rules
• Gauss-Legendre on 1D, triang.

• Gauss-Lobatto on 1D, triang.

Time integration schemes:
• Explicit RK (RK4, SSP-RK3, …)

• IMEX-RK (SSP3(4,3,3), …)

+ block tridiagonal solver

Equation systems (in covar. form)

• Euler (with  or E)

• + diffusion

• shallow water

• TKE eq.

• moisture eqns.

• …

Coordinate trafo‘s.:

xi=xi(x‘), gij, gij, 
i
jk ,…

Numerical fluxes
Lax-Friedr., centered, …

Basic elements of the BRIDGE dynamical core
mostly implemented as classes

Stabilization schemes:
expon. filters, osc. sensors, …

Boundary conditions

Initial conditions

Tensor product rules
y=y+(AB)Tx, …

Flux trafo at edges

MPI parallelisation

Unstructured

grid

FE on quadrature points
(on cell, hface, vface)
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BRIDGE code optimisations
• Make several subroutines PURE→ no efficiency gain (tedious: LAPACK routines are not PURE; WRITE forbidden, …)

• Define all array pointers as CONTIGUOUS → no efficiency gain

• Use index-constants for metric fields (metric tensor is symmetric, g_unit_covar contains 0‘s, …)

g_covar_..(IDX_G_13, ..) instead of g_covar_..(1,3,…) → small efficiency gain

• In tensor_matrix_ .. Routines:

• Use LAPACK routines (→ is much more expensive!)

• Replace DOT_PRODUCT by explicit matrix-vector mult. → small efficiency gain

• Try to enhance cache efficiency→ complete rewrite of the weak form (=time loop) part (see next slide)

→ efficiency gain for the explicit solver part until now: only ~10 %

• Combine subroutines tendency_explicit()and tendency_implicit() into tendency()

→ additional efficiency gain for all HEVI simulations: ~20%
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Code optimization by better usage of the cache

Unfortunately, the efficiency gain is quite marginal

until now. More investigations are needed here…

M. Baldauf (DWD)

Example: my DWD workstation has

L3 cache:  9 MB ( ~1 Mio DP numbers)

L1 cache: 64 kB ( ~ 8000 DP numbers)

Time loop until now:

loop over all grid cells:

interpolate amplitudes to quadrature points

loop over all grid cells:

calculate diagnostic fields on quadr. points

loop over all grid cells:

calculate fluxes on quadr. points

Gauss quadrature (over quadr. points)

…

loop over all edges

calculate numerical fluxes

…

New BRIDGE code version

loop over all grid cells:

interpolate amplitudes to quadrature points

calculate diagnostic fields on quadr. points

calculate fluxes on quadr. points

Gauss quadrature (over quadr. points)

…

loop over all edges

calculate numerical fluxes

…

(e.g. Kronbichler, Kormann (2019) )
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BRIDGE code optimisations
• Make several subroutines PURE→ no efficiency gain (tedious: LAPACK routines are not PURE; WRITE forbidden, …)
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• Use index-constants for metric fields (metric tensor is symmetric, g_unit_covar contains 0‘s, …)

g_covar_..(IDX_G_13, ..) instead of g_covar_..(1,3,…) → small efficiency gain

• In tensor_matrix_ .. Routines:

• Use LAPACK routines (→ is much more expensive!)

• Replace DOT_PRODUCT by explicit matrix-vector mult. → small efficiency gain

• Try to enhance cache efficiency→ complete rewrite of the weak form (=time loop) part (see next slide)

→ efficiency gain for the explicit solver part until now: only ~10 %

• Combine subroutines tendency_explicit()and tendency_implicit() into tendency()

→ additional efficiency gain for all HEVI simulations: ~20%

M. Baldauf (DWD) 7



First BRIDGE publication:

One of the reviewers:

Francis X. Giraldo 

(Naval Postgraduate School)
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Euler equations (in covariant form)

Continuity eq.:

Momentum eq.:

Energy budget eq.:

Variant 1: use density weighted potential temperature set ‚‘

Variant 2: use total energy density set ‚E‘E = Ekin + Epot + Eint

p=p()

p=p(Eint)

In case of diffusion: Tik
→ Tik + Tik

diffus , …

mass flux (= momentum density):

momentum flux:

momentum source:
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3D Euler equations:

quasi-linear expansion of gravity and sound waves in a spherical shell

Baldauf, Reinert, Zängl (2014) QJRMS derive a linearized analytic solution for

• test scenario (A):   f = 0

• test scenario (B):   f = 10 * fgeo(45°)  → f / N ~ 0.05

DG 4th order scheme with explicit time integration (4th order Runge-Kutta)

S                              E                             N

‚small planet‘:

R = Rearth / 50
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Linear gravity-/sound wave expansion in a spherical shell,

Convergence against the analytic solution of Baldauf, Reinert, Zängl (2014) QJRMS

Vertical velocity w:

Temperature T:

Euler ‚‘: Euler ‚E‘:

BRIDGE setup:

Horizontally 4th order

Vertically 5th order

SSP3(4,3,3) i.e.  3rd order
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T in 850 hPa at t=9d (Fig. 7 from JW06)

x ~ 60 km

Baroclinic instability test on the sphere

Jablonowski, Williamson (2006) QJRMS

BRIDGE DG 4th order

R2B3 → x ~ 315 km, t=80s

Stabilization by an exponential filter (1.0/0.5, 1, 10) + (0.5/0.4, 1, 4)
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T in 850 hPa

Euler ‚‘:

Euler ‚E‘:



psurf at t=9d (Fig. 7 from JW06)

x ~ 60 km

Baroclinic instability test on the sphere

Jablonowski, Williamson (2006) QJRMS

BRIDGE DG 4th order

R2B3 → x ~ 315 km, t=80s

Euler ‚‘:

Euler ‚E‘:

Stabilization by an exponential filter (1.0/0.5, 1, 10) + (0.5/0.4, 1, 4)
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Is stable at least for 40d ☺

Crash after ~18d 

psurf



Held, Suarez (1994) test = ‚poor mans climate run‘

Only solve the pure Euler equations (no diffusion, no microphysics, …),

but add height and latitude dependent relaxation terms on the rhs of

the momentum and energy equations.

Stabilization by standard

exponential filtering

necessary.
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Held, Suarez (1994) test = ‚poor mans climate run‘

From Held, Suarez (1994)
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Euler set ‚‘

Euler set ‚E‘



Summary of the comparison of 2 Euler equations sets ‚‘ and ‚E‘:

• Set ‚E‘ has better well-balancing properties than set ‚‘

• Additionally, set ‚‘ needs further (slightly accuracy reducing) hydrostatic stabilization

by source term filtering (Blaise et al. (2016), Orgis et al. (2017)

• However, set ‚E‘ suffers from nonlinear instabilities that cannot always be

cured by filtering (at least in the pure Euler case without turbulence).

Larger sensitivity against instabilities due to its inherent non-dissipativeness (Reddy et al., 2023)

• Nevertheless, work on set ‚E‘ is preferred due the basically superior property ‚energy conserving‘.

This optimistic view is justifed by the fact that

• in real applications, turbulent diffusion is applied and helps in stabilizing

• entropy stable schemes should be helpful!   (future work)

Baldauf, Prill (2026): Comparison of two Euler equation sets in a Discontinuous Galerkin solver for atmospheric modeling (BRIDGE v0.9), 

Geosci. Model Devel.

Baldauf (2021): A horizontally explicit, vertically implicit (HEVI) discontinuous Galerkin scheme

for the 2-dimensional Euler and Navier-Stokes equations using terrain-following coordinates, JCP

Baldauf (2020): Discontinuous Galerkin solver for the shallow-water equations in covariant form on the sphere and the ellipsoid, JCP
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Project: ICON-DG: Gearing up the ICON Model with Smarter Discretizations

in the call ‚WarmWorld Module 4 Smarter‘ by German Ministry of Research and Educ. (BMBF)

Duration: 01.07.2024 - 30.06.2027

Project partners:

• DLR Köln, Inst. for software technology, project leader: Benedict Geihe

• Univ. Köln, Division of Mathematics, group Prof. Gregor Gassner, PhD: Philipp Baasch

• DWD, M. Baldauf, BRIDGE group
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Actual state:

• Montoya, Rueda-Ramirez, Gassner (2026): Entropy stable discontinuous spectral element methods for the

spherical shallow water equations in covariant form, JCP

• Philipp Baasch: recently, entropy stable flux found for the covariant Euler equations!

• Andres Rueda-Ramirez, Oswald Knoth: steps for efficiency increase of HEVI schemes by twice application

of Schur complement technique



Figure out the optimal HEVI / IMEX Runge-Kutta scheme
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Horizontally explicit - vertically implicit (HEVI)-scheme with DG

explicit implicit explicit implicit

Motivation: get rid of the strong time step restriction by vertical sound wave

expansion in flat grid cells (in particular near the ground)

Baldauf, Prill (2026): Comparison of two Euler equation sets in a Discontinuous Galerkin solver for atmospheric modeling (BRIDGE v0.9), 

accepted by Geosci. Model Devel.

Baldauf (2021): A horizontally explicit, vertically implicit (HEVI) discontinuous Galerkin scheme for the 2-dim. Euler and Navier-Stokes 

equations using terrain-following coordinates, J. Comp. Phys.

Rueda-Ramírez et al. (2021): A statically condensed discontinuous Galerkin spectral element method …, J. Comp. Phys.

• The linear implicit part leads to several block-tridiagonal  NNhNv  NNhNv  matrices 

• Collocation decouples equations in the horizontal base functions 

→ more (Nh),  but smaller (NNv  NNv) block-tridiag. matrices → large efficiency increase 

• direct solvers are useable (block-tridiag. Thomas algorithm); no need for iterative solvers!

• Use of IMEX-Runge-Kutta (SDIRK) schemes: SSP3(3,3,2), SSP3(4,3,3) (Pareschi, Russo (2005) JSC)



Linearise vertical flux and source term:

with the linearisation coeff.s

• for equation set ‚‘: relatively straightforward, see Baldauf (2021) JCP

• for equation set ‚E‘:

Only take the underbraced terms

→ Ti‘3
im = p gi‘3

→ the vertically implicit flux

is just the pressure

→ this is what we need for

(vertical) sound expansion

→ Additionally: the implicit part

fulfills hydrostatic balance!

Remarks about the linearisation
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IMEX-RK schemes: simplified Dahlquist-problem

Dahlquist problem:

dq/dt = aexpl  q + aimpl  q

Simplification: only consider a

spatially exact hyperbolic part:

aexpl = i kx u

aimpl = i kx c with u  c

(analysis after

Giraldo et al (2024) JCP)

2nd order schemes:

SSP3(3,3,2):

Pareschi, Russo (2005) JSC

ARK2(2,3,2)b:

Giraldo et al (2024) JCP

3rd order schemes:

SSP3(4,3,3):

Pareschi, Russo (2005) JSC

ARS3(4,3):

Ascher, Ruuth, Spiteri (1997) 

Appl. Num. Math.  

4th order schemes:

ARK4(6,6,4):

Kennedy, Carpenter (2003), Appl. Num Math.
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Im aexpl t

Im aimpl t |A|



Efficiency of different IMEX-RK-schemes in 2D flow over mountain simulations

flat, x=1 km

max t

flat

tWall

steep, x=4 km

max t

steep

tWall

SSP3(3,3,2) 0.26 s 33.5 h 0.5 s 20.4 h

ARK2(2,3,2) 0.45 s 24.2 h 0.28 s 31.3 h

SSP3(4,3,3) 0.2s 76.4 h 

ARS3(4,3) 0.25 s 60.3 h

M. Baldauf (DWD) 22



Summary about work on time integration:

• From all inspected IMEX-RK schemes, the SSP3(3,3,2) scheme proves to be superior 

with respect to efficiency.

• Generally: only use IMEX-RK schemes with the ‚final stage condition‘  b(impl) = b(expl) 
→ BCs work!

(only those schemes have been inspected).

• Further justification for the linearisation of the set ‚E‘ has been found.

Extension for multi-equation (Euler + Turbulence + …) time integration:

• Type ‚multieq‘ = solve multiple equations (e.g. Euler, TKE, Tracer, …) together

in one Runge-Kutta scheme (2025: purely explicit, new: IMEX-RK)

→ intermediate step to develop moisture equations in BRIDGE

• Currently: further extension to true time split schemes (i.e. dtphys / dtdyn > 1) 

based on 2nd order Strang splitting
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Further steps towards moisture in BRIDGE

• Implementation of the Kessler scheme (transfer from the ICON code)

by Sebastian Borchert (DWD)

• Sedimentation now can be treated implicitly

• Tracer diffusion can be treated vertically implicit (HEVI)

• Non-negativity treatment of all x (and TKE) by linear rescaling (Zhang, Shu, 2010)
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advective transport with

potentially high CFL

nonlinear processes
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Moist setup by Weisman, Klemp (1982) MWR

200 x 16 grid cells, 40*40*25 km³, dt=0.5s, SSP3(3,3,2), Kessler microphysics + TKE scheme

c r TKE
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Moist setup by Weisman, Klemp (1982) MWR

200 x 16 grid cells, 40*40*25 km³, dt=0.5s, SSP3(3,3,2), Kessler microphysics + TKE scheme

Currently, an unphysical mass production of all moist variables occurs

Relative change of

 (v + c+ r) dV Conservative non-negativity treatment by linear rescaling

of Zhang, Shu (2010) works correctly, 

but cannot prevent total emptying of grid cells.

Probably flux limitation will help in the future…

Sedimentation (✓)

M. Baldauf (DWD) 33



Further steps for moisture treatment

• Further inspection of the Kessler scheme

• Conservation of non-negative moisture variables (implement flux limitation)

• is mass consistency still important in a higher order discretization scheme?

• Increase time step in the HEVI scheme

• Improve efficiency for HEVI solver of moisture variables.

This is straightforward, because the implicit systems for the Nq moisture variables are decoupled

→ solve factor Nq more equations that are smaller by factor Nq.

• Further inspection of time splitting schemes (i.e. dtphys/dtdyn> 1)
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A slightly more realistic simulation with BRIDGE …

• ‚Limited area‘ simulation with initial/boundary values taken from the

geostropic/hydrostatic balancing scheme

• Nearly ICON-D2 area, R2B8 grid (dx~10km)

• Orography on R2B10 (~2.5km), generated from R2B13 (~300m) ASTER data

• DG 4th order SSP3(3,3,2) IMEX-RK-HEVI time integration

• With TKE turbulence scheme

• With Kessler scheme (artificial init. of qv and a cloud layer around z ~ 5km)
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Presentation of the BRIDGE project at the

SciCADE 2026 conference, 29 June – 03 July 2026, Edinburgh, UK

Minisymposium 73: High resolution numerical weather prediction

Org.: Philip Birken (Univ. Lund, Sweden), Stephane Gaudreault (ECCC, Canada)

Motivation of the organizers of this minisymposium: 

Environment and Climate Change Canada (ECCC) actually is developing

a Discontinuous Galerkin solver for their future forecasting system (in particular for

their high resolution/limited area applications)

Gaudreault et al., (2022): High-order numerical solutions to the shallow water equations on the rotated cubed-sphere grid, JCP
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0. first version of a FE/DG framework available, MPI parallelized Q2/2021 ✓
1. shallow water equations on the sphere, explicit time integration (RK)   Q3/2021 ✓
2. 3D Euler equations on the sphere, explicit time integration (RK)   Q1/2022 ✓
2.b with 3D diffusion (+ a simple turbulence scheme)  BR1/BR2       Q2/2022 ✓/
2.c grid refinement works Q2/2022 ✓
3. Euler equations, HEVI time integration (IMEX-RK)   Q3/2022 ✓
3.b optimization of the vertically implicit solver (Schur compl.,...)   Q4/2022 ✓
3.c with 3D diffusion (+ a simple turbulence scheme), HEVI  Q1/2023 ✓
4. cloud microphysics (Kessler) + tracer advection (positive definit)  

+ explicit sedimentation scheme Q4/2022 
4.b cloud microphysics (cloud ice, Graupel) 

+ vertically implicit sedimentation scheme Q1/2023 !
5. HEVI diffusion on dt(fast phys.); physics-dynamics coupl./time integr. Q4/2023 ✓/
6. limited area (=use lateral BCs) version available Q1/2023 ✓/…
7.a vectorized version available Q2/2023 !
7.b GPU version Q1/2024 !
7.c general code optimization Q4/2024 
8. coupling of a one-equation turbulence + BL scheme Q2/2023 ✓
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0. first version of a FE/DG framework available, MPI parallelized Q2/2021 ✓
1. shallow water equations on the sphere, explicit time integration (RK)   Q3/2021 ✓
2. 3D Euler equations on the sphere, explicit time integration (RK)   Q1/2022 ✓
2.b with 3D diffusion (+ a simple turbulence scheme)  BR1/BR2       Q2/2022 ✓/
2.c grid refinement works Q2/2022 ✓
3. Euler equations, HEVI time integration (IMEX-RK)   Q3/2022 ✓
3.b optimization of the vertically implicit solver (Schur compl.,...)   Q4/2022 ✓
3.c with 3D diffusion (+ a simple turbulence scheme), HEVI  Q1/2023 ✓
4. cloud microphysics (Kessler) + tracer advection (positive definit)  

+ explicit sedimentation scheme Q4/2022 ✓
4.b cloud microphysics (cloud ice, Graupel) (Kessler)

+ vertically implicit sedimentation scheme Q1/2023 ✓/
5. HEVI diffusion on dt(fast phys.); physics-dynamics coupl./time integr. Q4/2023 ✓/
6. limited area (=use lateral BCs) version available Q1/2023 ✓
7.a vectorized version available Q2/2023 (!)
7.b GPU version Q1/2024 (!)
7.c general code optimization Q4/2024 
8. coupling of a one-equation turbulence + BL scheme Q2/2023 ✓
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Further steps in BRIDGE

the biggest working places:

• Continue work on moist atmosphere (Kessler scheme with IMEX-RK)

• Further inspection of time split schemes (dtphys/dtdyn> 1)

• Further improvement of code efficiency (cache efficiency, …)

• Implementation of entropy stable schemes (also kinetic energy

preserving schemes)  Warmworld project

• C++/Kokkos rewrite ?   depends on the ICON dycore C++/Kokkos rewrite

End of the BRIDGE project

→ Decision about implementation of the BRIDGE code into ICON
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