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Parallel-in-Time Integration

Two Propagators

o Coarse propagator Ga; : larger time step, lower order, simplified
equations

e Fine propagator Fs; : determines accuracy of solution
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Parallel-in-Time Integration

\ Init. Iteration #1 Iteration #2
I

P1 k
P2
P3
P4

Seq.

Two Propagators

o Coarse propagator Gas : larger time step, lower order, simplified
equations

o Fine propagator Fs; : determines accuracy of solution

D. Ruprecht Explicit parallel-in-time integration 2



Parareal
Ingredients:
VYn+1 = Gat(Yn, Tht1, Tn) coarse propagator
VYn+1 = Fst(Yn, Tnt1, Tn) fine propagator
Idea:
Ynt+1 = fét()/n) - gAt()/n) + gAt()/n)
N——
predictor corrector
Iteration:
le;ill - Fét(ynv n+1, ) gAt(ynv 7—n+17 n) +gAt(yrI7<+17 Tn+17 Tn)
predictor corrector
Convergence:
Reference
5 = Foe(yo, T To), k — Ne [Lions et al. (2001)]
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Algorithm

{ #+# Initialization (Sequential) ## }
Y =y
for i =1 to N do

Y? =Gna: (Y,-O_p T; Tf71>
end for
{ #+# Iteration ## }
k:=0
repeat

{ # Predictor (Parallel) # }

for i =1 to N; do

D; := Fs; (Y,-k,p T, Ti—l) -

Gt (Y,-k,p Ti, Ti—l)
end for
{ # Corrector (Sequential) # }
Yok+1 =Y
for i =1 to N: do
Y= Gay (Y,kf117 T; Ti—l) + D;
end for
k:=k+1
until k = N,
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Speedup Estimate
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Krylov-Subspace-Enhanced Parareal
e Evolution of F is known on
Sk.= span{Y,-kl i=1,... N, k' < k}
e Enhance G to
Kae(Y) = Ga: ((l - Pk)Y> + Fse (Pky)

e Requires QR decomposition in every correction step.

e But: works for hyperbolic systems!

References
e introduced by [Farhat et al. (2006), Cortial and Farhat (2008)]
o formulation taken from [M. Gander and M. Petcu (2008)]
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Explicit coarse integrator

o Efficiency requires At > §t, but Gar must be stable.
e Original works rely on implicit scheme, but who wants to implement
this in COSMQ?77
o But: Partially split scheme (Wicker, Skamarock) with divergence
damping works, too:
Yt = Ffast()/) + Fslow(}/)

e Allows for coarse CFL numbers C.oarse > 1.

Discretization
e G : split forw. Euler/Forward-Backward, 1st order advective flux
e F : Runge-Kutta-3, 6th order advective fluxes
e Finite Volumes on rectangular cells

Fivi2j = Ficaey  Gijyr2 = Gij1/2
Ax Ay

0rqi = —
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Numerical example
e Model:

u;+U-Vu+c¢Vr=0
w4+ U -Vi+V-u=0

with ¢, = 30.
¢ Advection: U = (U, V) with

U=-w(y—0.5)
V =w(x—0.5),

max(U) =~ 1.5, and w = 7.
® CC — 4v Nsound - 5, Cf — 02
e . =0.3, 14 =0.01
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Comparison of vorticity

Vorticity sequential sol. Vorticity parallel sol., #iteration = 2
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Run times and speed up

threads | #it. diff. par. | speed up
6 1 [56x102] 38s 4.0
6 2 |15x1072 | 7.7s 2.0
6 3 |6.0x1073|11.9s 1.3

Table: N, = N, = 40. Sequential run time 7geq = 15.2 s.

threads | #it. diff. par. | speed up
6 1 [57x1072]299s 4.0
6 2 | 13x1072|61.1s 2.0
6 3 | 45%x1073|933s 1.3

Table: N, = N, = 80. Sequential run time 7yeq = 119.8 s.
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Residuals
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Figure: Left: N = 40. Right: N = 80.
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Error from time discretization
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Figure: Maximum difference of sequential solution against reference solution with
C = 0.01. Left: No divergence damping. Right: v = 0.001.
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Energy

Energy over time, fiterations = 1 Energy over time, fiterations = 2
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Figure: Evolution of total energy over time for parallel and sequential solution.
Left: After one iteration. Right: After two iterations.

Energy

DE
E:=-(r+v+m°)= —+V-(ur)=0
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Conclusions and Questions

Conclusions
@ KSE - Parareal is applicable for 2D linear acoustic-advection.
® Use of purely explicit propagators is possible.
© Speed up is achieved but parallel efficiency is inherently moderate.

O "Easy” to implement if F, G are available.

Questions

@ What about more complex models, e.g. fully nonlinear compressible
Euler eq.?

@® Implementation in a hybrid MPI (spatial) / Open MP (temporal)
approach ?

©® Reduced models (e.g. sound-proof) in G for even larger coarse time
steps?
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Run times of segments

threads | #it. | coarse | fine QR
6 1 1.1s | 26s | 0.07s
6 2 22s [ 53s|0.25s
6 3 34s | 79s | 0.57s

Table: Run time spent in different parts of the algorithm. N, = N, = 40.

threads | #it. | coarse | fine QR
6 1 85s | 2045 |06s
6 2 175s | 40.8s | 2.0 s
6 3 26.6s | 61.2s | 465

Table: Run time spent in different parts of the algorithm. N, = N, = 80.
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Time Series

u over time at (x,y) = (0.49,0.34), #iterations = 1, v = 0.01.

0.2
0.1

sequential
parallel

-0.1
-0.2
-0.3

-0.4 \
v

-0.5

=)
o
o
o
IS

0.6 0.8 1 1.2 1.4 1.6 1.8 2
time

u over time at (x,y) = (0.49,0.34), #iterations = 2, v = 0.01.
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